Singularity-reduced integral relations are developed for displacement discontinuities in threedimensional, anisotropic linearly-elastic media. An isolated displacement discontinuity is considered first, and a systematic procedure is followed to develop relations for the displacement and stress. The singularity-reduced relation for the stress is particularly important since it is in a form which allows a weakly-singular, weak-form traction integral equation to be readily established. The results for a general displacement discontinuity are then specialized to cracks and dislocations; the results for dislocations appear to be simpler in form than those previously available, and they allow the connection between earlier developments for dislocations and cracks to be put into perspective. The development employed for an isolated crack is then extended to allow treatment of cracks in a finite domain, and a pair of weakly-singular, weak-form displacement and traction integral equation is established. The integral equations are analogous to those developed for isotropy by Li and Mear [16] and Li et al. [17] , but the extension to anisotropy requires an approach quite distinct from that previously employed. The displacement and traction integral equations which are established can be combined to obtain a final formulation which is in a symmetric form, and in this way they serve as the basis for a weakly-singular, symmetric Galerkin boundary element method suitable for analysis of cracks in anisotropic media.
Introduction
Boundary value problems for cracks in homogeneous, linearly elastic media can be formulated conveniently in terms of singular integral equations. The development of these integral equations typically rests upon Somigliana's identity, which is an expression for the displacement at a point in the interior of the body in terms of the displacement and traction acting on the surface of the body. From this identity, a displacement integral equation is readily obtained but, as is well known, this integral equation is insufficient to properly treat crack problems since information about the traction acting on the crack is absent. For this reason, it is necessary to establish a traction integral equation for the crack.
Such a traction integral equation can be directly obtained by using Somigliana's identity along with the strain-displacement relations and Hooke's law. However, the integral equation obtained in this fashion involves a strongly-singular kernel (of order 1/r 3 ) which requires special theoretical and numerical considerations. In particular, in a numerical treatment of the integral equation it is necessary to satisfy the requirement that the derivative of the displacement be continuous (hence ruling out the use of standard C o elements) and to employ special integration techniques (e.g. [4] , [11] , [19] ).
Toward alleviating the difficulties posed by the strongly-singular kernel, singularityreduced traction integral equations have been sought through a regularization process involving an integration by parts. In the context of three dimensional crack modeling, the first such singularity-reduced traction integral equations appears to be the Cauchy-singular (of order 1/r 2 ) relation obtained independently by Bui [6] and Weaver [24] . This integral equation is restricted to mode-I loading of a planar crack in an unbounded domain, but the result was later generalized by Sládek and Sládek [21] to allow treatment of curved cracks and mixed mode loading. It should be noted that while the kernel appearing in these equations is Cauchy-singular rather than strongly-singular, there remains the requirement that the derivative of the crack-face displacement be continuous. To eliminate this requirement, it is necessary to develop a weak-form statement of the traction integral equation in such a way that an additional integration by parts can be performed to render the kernel weakly-singular (of order 1/r).
The first weakly-singular, weak-form traction integral equation for fracture analysis is that by Gu and Yew [12] . Their development rests upon Weaver's [24] Cauchy-singular traction integral equation and, as such, is restricted to an isolated planar crack subjected to mode-I loading. A generalization of this work was carried out by Xu and Ortiz [26] who developed a variational boundary integral equation to treat an isolated crack with arbitrary geometry and mixed-mode loading. To obtain their integral equation, Xu and Ortiz [26] utilized the fact that the crack-face displacement can be represented in terms of a continuous distribution of dislocation loops. A limitation of this result is that it applies only for a crack in an unbounded domain.
Li and Mear [16] and Li et al. [17] presented a systematic technique for regularizing both the displacement and traction integral equations associated with three dimensional isotropic media, and by using this technique they were able to obtain a pair of weaklysingular, weak-form integral equations applicable to cracks in a finite domain. We remark that their final formulation is closely related to that of Bonnet [5] for elasticity problems in the absence of a crack. Li et al. [17] used the pair of weakly-singular displacement and traction integral equations as the basis for a symmetric Galerkin boundary element method, and they successfully implemented the formulation to allow treatment of general boundary value problems for bodies containing cracks. Their development is, however, restricted to isotropic material behavior.
Modeling anisotropic material behavior within the context of singular integral equations is quite challenging due to the complexity of the associated fundamental solutions, and for this reason work on modeling cracks in three-dimensional anisotropic media is modest in comparison to that for isotropic material behavior. The singularity-reduced traction integral developed by Sládek and Sládek [21] applies for general anisotropy, but (in addition to the limitations already mentioned) it explicitly involves the stress fundamental solution which is difficult to compute for anisotropic material behavior. More recently, Sládek et al. [22] established completely regularized integral equations for anisotropic media which are applicable to cracks in both unbounded and finite domains. There remains the requirement that the derivative of the crack face displacement be continuous and, further, the integral equations involve both the gradient of the displacement fundamental solution and the stress fundamental solution.
Work toward developing weak-form, weakly-singular traction integral equations for cracks in anisotropic media is particularly limited. Becache et al. [2] utilized a double layer potential technique along with the Fourier transform to obtain a regularized integral equation for three dimensional anisotropic elastodynamics. Their final result is in the frequency domain and is left expressed in terms of the Fourier transform variables associated with the spatial coordinates. In principle, the result can be specialized to the static case by taking a limit in which the frequency tends to zero, but the treatment of this limiting process as well as the subsequent inversion of the Fourier transform appears to be quite complicated. Recently, Xu [27] utilized Lothe's [18] expression for the interaction energy between dislocation loops to extend the formulation by Xu and Ortiz [26] to allow treatment of material anisotropy. The resulting traction integral equation contains a weakly-singular kernel but, its application is limited to a crack in an unbounded domain.
In this paper we develop weakly-singular, weak form integral equations for cracks in generally anisotropic finite domains. The integral equations are analogous to those developed for isotropy by Li and Mear [16] and Li et al. [17] , but it should be noted that the extension to anisotropy is by no means trivial and, in fact, it requires an approach quite distinct from that previously employed. The displacement and traction integral equations which are established can be combined to obtain a final formulation which is in a symmetric form, and in this way they serve as the basis for the development of a weakly-singular, symmetric Galerkin boundary element method suitable for analysis of cracks in anisotropic media.
We first consider an isolated displacement discontinuity and, by introducing certain special decompositions for the stress fundamental solution and the strongly singular kernel, systematically develop singularity-reduced integral relations for the displacement and stress. The singularity-reduced relation for the stress is particularly important since it is in a form which allows a weakly-singular, weak-form traction integral equation to be readily established. The results for an isolated crack then form the basis to treat cracks in a finite domain. Indeed, treatment of a finite domain requires only results obtained for the unbounded domain, and the final displacement and traction integral equations involve exactly the same set of weakly-singular kernels.
We remark that while this work is primarily concerned with the modeling of cracks, the singularity-reduced integral relations which are developed for an unbounded domain pertain to an arbitrary displacement discontinuity. Included as a special case are dislocations in anisotropic elastic media, and this case is discussed in detail for the following reasons. Firstly, the results developed here for dislocations (specifically, a line integral relation for the displacement field and a line integral relation for interaction energy) appear to be in a form which is simpler than those previously available. Secondly, it allows the direct connection between results for dislocations and cracks to be emphasized and, in particular, it allows earlier (independent) findings for these two types of discontinuities to be put into proper context.
Integral Relations for Discontinuities
Consider a homogeneous, anisotropic, linearly elastic domain containing an isolated displacement discontinuity as shown schematically in Figure 1 . The surface of the discontinuity is comprised of an upper and lower surface 3 S + c and S − c , respectively, and these surfaces are geometrically coincident such that their unit normals (taken to be directed 'into' the discontinuity) satisfy n
It is assumed that the domain in which the discontinuity is embedded is free of body force and that remote loading is absent. Further, it is assumed that, as is typical, the traction acting on the discontinuity is locally self-equilibrated in that it satisfies t Somigliana's identity is readily specialized to this case, with the result being an integral relation giving the displacement u at a point x in the domain in terms of data on the surface of the discontinuity. With S ≡ S + c and n i ≡ n + i , this well known result takes the form
in which the kernel S p ij corresponds to the stress induced by a unit concentrated load acting in the p th coordinate direction 4 , and where ∆u j (ξ) = u + j (ξ) − u − j (ξ) denotes the jump in displacement across the discontinuity (i.e. the relative displacement of the two geometrically coincident surfaces associated with the displacement discontinuity). Utilizing this form of Somigliana's identity, an integral relation for the stress is readily obtained as
where
in which E lkpq are the elastic moduli. These integral relations apply for points x which are not on the surface of the discontinuity and, owing to the Cauchy-type singular kernel in (1) and the strongly-singular kernel in (2), proper care must be exercised in considering a limit as x approaches this surface. In particular, when (2) is to be utilized to obtain a relation for the traction on the surface of the discontinuity, it is necessary to properly treat and interpret the limit in terms of a Hadamaard finite part integral. We now distinguish two special types of displacement discontinuities: the first is a dislocation for which b i ≡ ∆u i is a prescribed constant, and the second is a crack for which the traction t i ≡ t
i is prescribed and the relative displacement ∆u i is to be determined (subject to the condition that it vanishes along the edge of the discontinuity, viz. the crack front). For the latter case it is important to note that the displacement relation (1) does not contain information about the traction acting on the discontinuity, hence it is 'degenerate' in this sense and does not provide a basis for obtaining a useful integral equation for the unknown relative crack-face displacements. Instead, attention must necessarily be directed toward the stress relation (2) and, specifically, toward its use in obtaining a traction integral equation. Now, for either of these two types of discontinuities it is of interest to regularize the integral relations to render them more suitable for numerical analysis. What is sought is to reduce the 'strength' of the singularity associated with the kernels by means of an integration by parts. Such results are well known in the field of dislocation mechanics (e.g. Hirth and Lothe [14] ; Lothe [18] ), and more recently there has been significant work directed towards achieving such regularization for cracks (e.g. Xu and Ortiz [26] , Li and Mear [16] , Becache et al. [2] , Xu [27] ). The purpose of the work presented in this paper is to provide a straightforward, complete development of such singularity-reduced integral equations for application to displacement discontinuities in anisotropic media.
Development of singularity-reduced relations
We first provide an overview of the regularization strategy utilized to obtain singularityreduced integral relations, after which we develop in detail the kernels which appear in these relations. The development is carried out in the context of an isolated discontinuity as introduced above, but we emphasis that the primary objective of this work is to develop a full set of weakly-singular, weak-form equations applicable to treatment of cracks in a finite domain, and these results will be established using the results obtained for an isolated discontinuity. In this context we remark that whereas a displacement integral equation following from (1) is not essential for treating an isolated crack (when it is the relative displacements ∆u i or, more specifically, the stress intensity factors which are sought), its counterpart for finite domains is relevant for developing strategies to treat general fracture problems. For this reason, a singularity-reduced displacement integral equation is discussed even for the case of an isolated discontinuity.
Toward developing the singularity-reduced integral equations, we first establish their existence in terms of certain weakly-singular kernels. Explicit partial differential equations governing these kernels are derived and, after the overall form of the integral equations is established, these differential equations are solved by an application of the Radon transform. Results are obtained for general displacement discontinuities, but these results then specialized for treatment of dislocations and cracks. We begin with the displacement integral equation after which a treatment of the stress is provided leading, finally, to a weakly-singular, weak-form traction integral equation.
Displacement
As a means to develop a singularity-reduced displacement integral equation, we introduce a decomposition for S p ij which is analogous to that utilized by Li and Mear [16] in their treatment of isotropic media. Specifically, we write
in which
where r = ξ − x is the distance between the field point ξ and the source point x. Since
in which δ(ξ − x) is the 3-D Dirac delta function centered at x, it follows that F p ij is divergence free everywhere including the source point x. This fact implies the existence of the representation (see Appendix C)
where the kernel G p mj is weakly-singular at ξ = x in the sense that it is of order 1/r as r → 0. Using (4) and (5), and expressing the 'stress fundamental solution' S p ij in terms of the 'displacement fundamental solution' U i j , equation (7) gives rise to the following system of partial differential equations to be solved for the kernel G p mj :
For isotropic material behavior it is relatively simple to evaluate G p mj by means of a 'direct integration' of these partial differential equations (see Li and Mear [16] ), but such an approach is extremely difficult, if not impossible, for general anisotropy due to the complicated nature of the fundamental solution. However, an explicit solution can be obtained in a straightforward fashion by exploiting the Radon transform, and this solution will be presented further below. Now, using (4) and (7) to re-express the stress fundamental solution which appears in the displacement integral relation (1), and then integrating by parts via Stokes' theorem, we obtain
is a surface differential operator. We note that the kernel H p ij n i (which also arises in the context of integral representations for Laplace's equation) is weakly-singular hence the integral relation (9) does in fact involve only weakly-singular kernels. With y ∈ S being a point on the surface of the discontinuity, the limit x → y is now readily taken with the result
in which Σu p (y) = u
While this relation is not of primary interest in our development, it does provides the additional information required to (separately) determine the displacement of the upper and lower surfaces of the discontinuity. Before pursuing the displacement equation further, we turn our attention to establishing the existence of singularity-reduced relations for the stress and traction.
Stress and traction
The kernel Σ lk ij (ξ − x) which appears in the stress relation (2) is strongly-singular in the sense that it is of order 1/r 3 as r → 0. Toward establishing a singularity-reduced alternative to (2), we first note that (see Appendix A)
and
That is, the divergence of Σ lk ij with respect to either ξ i or ξ l vanishes everywhere except at the source point x where it possesses a singularity in terms of the derivative of the Dirac-delta function. This observation motivates a decomposition of Σ
and whereΣ lk ij is divergence free (with respect to ξ i and ξ l ) everywhere including the source point x. It then follows that there exists a representation in the form (see Appendix C)
where the kernel C tk mj is weakly-singular at ξ = x in the sense that it is of order 1/r as r → 0. Upon combining (14) , (15) and (16), and then expressing Σ lk ij in terms of the displacement fundamental solution, we obtain the system of differential equations governing
We defer solution of these equations until the next section. We now return to (2) and use the results presented above to obtain a singularity-reduced relation for the stress field induced by the displacement discontinuity. A key observation in this regard is that, for any point x in the domain (i.e. x / ∈ S), the validity of (2) is unaltered by replacing the kernel Σ lk ij withΣ lk ij ; this follows immediately from the decomposition (14) and the fact that, for x / ∈ S, the term involving the integral of the Dirac delta function vanishes. Combining (2) (with Σ lk ij first replaced byΣ lk ij ) and the representation (16), integrating by parts via Stokes' theorem and utilizing the translational property of the kernel C tk mj to exchange a derivative with respect to ξ r for one with respect to −x r , we obtain
where the quantity
involves only weakly-singular kernels. The relation (18) for the stress at an internal point x is well suited to obtain an integral equation for the traction acting at a point y ∈ S on the surfaces of discontinuity. Indeed, to do so we simply form n l (y)σ lk (x) and take a limit as x → y with the result
Finally, a weakly-singular weak-form traction integral equation follows by multiplying (20) by a continuous test function ∆ũ k (y), integrating the result over the surface of the discontinuity, and employing Stokes' theorem to obtain
Solution for G p mj and C tk mj
The existence of the kernels G p mj and C tk mj has been established, and it has been shown that that these two kernels are governed by the system of differential equations (8) and (17), respectively. In this section we provide a solution for the kernels through an application of the Radon transform. (See Appendix B for a summary of certain results concerning the Radon transform which are relevant to our development.) As a starting point, we summarize the use of the Radon transform to obtain the displacement fundamental solution. This procedure is well known (we note in particular the description given by Bacon et al. [1] ), but it is presented here since certain intermediate results will be needed in the development to follow.
For a unit point load acting in an unbounded anisotropic solid, Navier's equation (governing the displacement fundamental solution) takes the form
Upon an application of the Radon transform we find
wheref (z, α − z · x) denotes the transform of a function f (ξ − x) (in the transform domain {α, z} in which α is a scalar and z is a unit vector).
with the result
where (z, z)
denotes the inverse of the tensor (z, z). An application of the inverse Radon transform then leads to
in which the integral is to be evaluated over a unit circle z = 1 on a plane normal to the vector r = ξ − x as shown schematically in Figure 2 . Note that the integrand is well-defined at every point along the contour as a result of the positive definiteness of (z, z) and, clearly, the kernel U 
Kernel G p mj
Taking the Radon transform of (8), we obtain
Taking the derivative of (26) with respect to α, noting that (see Appendix B)
and utilizing (24), we obtain
Now, a particular solution of (28) can readily be constructed by expressing Ω ijp in terms of the product of ikm z k and a certain function as follows:
Note that the epsilon-delta identity ijk ipq = (δ jp δ kq − δ jq δ kp ) has been used along with the fact that z a Ω ajp = 0. With (30) and the fact that abm z a z b = 0, (28) becomes
and a particular solution of (31) follows by inspection with the result
By employing the Radon transform inversion, the kernel G p mj in physical domain is obtained as
As in the case for the displacement fundamental solution (25) , the kernel G p mj is singular only at ξ = x and is of order 1/r as r → 0.
Kernel C tk mj
Upon taking the Radon transform of (17) and utilizing (24), we find that
Proceeding in a fashion analogous to that used to obtain G p mj , we seek a particular solution of (34) by expressing Λ ijkl in terms of a product between the linear operator ism lrt z s z r and a certain function. With the use of the epsilon-delta identity and the fact that z a Λ ajkl = 0, we obtain
Upon a further manipulation (now 'on the index l') we find
in which the epsilon-delta identity has been used yet again along with the fact that z b Λ ajkb = 0. With (34) and (37), it is evident that a particular solution for ∂ 2Ĉ tk mj /∂α 2 is given by
and the kernel C tk mj (ξ − x) is obtained by utilizing the Radon transform inversion formula with the result
By exploiting the identity (z, z) ij (z, z) −1 ij = 3, a more concise relation is obtained as
where A tkeo mjdn is a constant (which depends only on the moduli) given by
Note that the kernel C tk mj is also singular only at ξ = x and is of order 1/r as r → 0.
Summary of the kernels
Let K ik jl be the fourth order tensor defined by
Then the displacement fundamental solution U i j , the kernel G p mj and the kernel C tk mj can be expressed in succinct form in terms of this single tensor as
in which A tkeo mjdn is given by (41). We remark that an alternative form for K ik jl in terms of an integral on the real line can be readily obtained in a fashion analogous to that commonly employed for the displacement fundamental solution. Let z = a cos α + b sin α with α ∈ [0, 2π] and with {a, b} being orthonormal vectors which lie in a plane perpendicular to r = (ξ − x). Then it can be shown that
where p = tan α, |Γ(p)| denotes the determinant of Γ, and (a, b) ij = a k E kijl b l . The evaluation of this integral (via contour integration) involves, as usual, determining the roots of a sextic equation (e.g. [23] , [25] ), and differs from the standard treatment for the displacement fundamental solution only in a minor way associated with the additional term Θ kl and the two simple poles at p = ± √ −1 which arise from the presence of z k z l in (42).
Dislocations and cracks
The singularity-reduced integral relations developed above apply to an arbitrary displacement discontinuity in an unbounded domain. The special cases of dislocations and cracks are of particular interest, and in this section we discuss these two cases in detail.
Dislocations
For the special case of a dislocation for which b i ≡ ∆u i is constant, the singularity-reduced integral equation (9) gives rise to a generalization of Burgers' equation for anisotropic media given by
is the solid angle to the surface. As shown in Appendix D, the solid angle can be computed in terms of an integral on ∂S as
with the 'generating function' ω m given by
in which Γ(x) is any path, originating at x and extending to infinity, which does not intersect the discontinuity. For example, when Γ(x) is a straight line we readily obtain
in which p is a unit vector along the path (directed toward x) and e k ≡ (ξ k − x k )/r. A piecewise-linear path is also readily treated, so in this sense it is always possible to choose a path which does not intersect the discontinuity and which is such that a simple closedform relation for ω m can be obtained. Having determined ω m , we can now evaluate the displacement entirely in terms of a line integral as
We remark that the jump in displacement across the discontinuity is manifested in the fact that the path must be taken to be directed 'away from' the discontinuity in such a way that it does not intersect the surface. A line integral representation for the stress field is obtained from (18) as
and a weakly-singular, weak-form traction integral equation follows from (21) . A line integral representation for the energy associated with the presence of an array of dislocation loops is also readily obtained. For purposes of discussion, assume now that two dislocations are present, the first with edge ∂S . Toward developing an expression for the interaction energy W int associated with these two dislocations, let σ (1) kl and σ (2) kl be the stress fields induced by the first and second dislocation were it present in the absence of the other, so that
in which the superscripts on the surfaces of integration and the unit normals serve to indicate with which dislocation they are associated. Upon use of (56) and an application of Stokes' theorem, it can then be shown that
We remark that the contributions arising from each dislocation in the expression (56) can be combined to obtain this final simple form due to the fact that, in the integral expressions where it occurs, C tk mj (ξ − x) can be replaced with C mj tk (x − ξ) without altering the value of the integral (see Li and Mear [16] for a discussion of this result); indeed, the specific form of the kernel C tk mj (x − ξ) to be obtained above satisfies the equality C tk mj (ξ − x) = C mj tk (x − ξ). The self energy for each dislocation has the exact same form as (58) except that the right hand side is to be multiplied by 1/2 and, of course, both of the Burgers' vectors and line integrals which appear are taken to be those associated with the particular dislocation for which an expression for the self energy is sought. Note also that, upon a proper interpretation of terms, these expressions for energy follow directly from the weak-form traction integral equation.
Cracks in an unbounded domain
Consider a crack on which tractions t i ≡ t
What is sought is the relative crack-face displacement ∆u i , and the weakly-singular weak-form traction integral equation provides a basis for a numerical procedure to determine these quantities. The relative crack-face displacement must vanish along the crack front, and consistent with this we chose the test function ∆ũ i to also possess this feature. Then the contribution from the line integral terms in (21) vanish and the weak-form traction integral equation simplifies to
We emphasize that the kernel in this integral equation is weakly-singular (so that the integrals exist in the ordinary sense and the crack displacement data need only be continuous) and that it represents a symmetric weak-form equation for the unknown crack-face displacements. Once these quantities are determined, other information of interest (i.e. the displacement and stress field and, most importantly, the stress intensity factors) can readily be found.
Additional discussion of the kernels
As is clear from the development above, the same kernels necessarily appear in the singularityreduced integral relations for both dislocations and cracks. In this section we discuss the non-uniqueness of the kernels and make a connection, where possible, to earlier results obtained within the context of modeling dislocations and cracks. Further, we discuss certain general properties of the kernels as well as certain features associated with specific types of material symmetry.
Relation to previously obtained kernels
It is evident from the representations (7) and (16) Now, for the special case of isotropy, Li and Mear [16] carried out a direct integration of (7) to obtain the particular kernel
in which ν is Poisson's ratio. We remark that this kernel is identical to that appearing in Burgers' equation [7] for the displacement field induced by a dislocation. For anisotropy, we are not aware of a solution for the kernel G p mj in the form (33), but a closely related result is given by Leibfried [15] in terms of a Fourier integral. We also note that, when specialized to isotropy, the kernel given by (33) reduces to (61) along with an additional term which can be expressed in the form ∂L p j /∂ξ m (see Appendix E). For isotropy, Li and Mear [16] obtained the particular kernel C tk mj given by
in which µ is the shear modulus. The first kernel obtained for isotropy appears to be that of Blin [3] in his analysis of the interaction energy for dislocation loops (also see Hirth and Lothe [14] ). Blin's kernel differs from (62) by terms of the form ∂M tk j /∂ξ m and ∂N k mj /∂ξ t (see Appendix E) and, while the simplicity of (62) may be preferable for numerical analysis, the two kernels are equivalent by (60). We remark that other (equivalent) kernels have been obtained within the context of integral equation representations for boundary value problems in isotropic linear elasticity, and we note in particular the work of Nedelec [20] and Bonnet [5] .
For anisotropy the only previously available explicit kernel seems to be that developed by Lothe [18] in his analysis of the interaction energy for dislocation loops. Lothe's kernel is given by
and in Appendix E it is demonstrated that the kernel given by (40) (which is significantly simpler in form) is in fact equivalent to this kernel.
Properties of the kernels
We now focus attention on the specific kernel G p mj given by (33) and the specific kernel C tk mj
given by (40). Since it will appear in the integral equations to be developed further below for a finite domain, we also discuss the displacement fundamental solution. Noting that the tensor (z, z) is symmetric and that the integrands in both (33) and (40) are even with respect to the components of z which appear, we deduce that
Additional properties of interest for the kernels follow by a consideration of elastic material symmetry.
For purposes of discussion, assume that the material has a plane of symmetry and introduce a local cartesian coordinate system {ζ 1 ,ζ 2 ,ζ 3 } which has its origin at the source point x and for which ζ 1 = 0 defines the plane of material symmetry. Let ξ be a given point and let ξ * be its 'image' obtained by a reflection across the plane ζ 1 = 0 as shown schematically 
We now introduce yet other local coordinate system {ζ 1 ,ζ 2 ,ζ 3 } which has its origin at x and satisfiesζ 1 = −ζ 1 ,ζ 2 = ζ 2 andζ 3 = ζ 3 . Note that this is the left-handed coordinate system which is obtained through a 'reflection' of the {ζ i } system across the plane ζ 1 = 0. Consider the kernel G p mj and let its components relative to the {ζ i } system be denoted G γ αβ and its components relative to the {ζ i } system be denotedḠ γ αβ . From the fact that ζ 1 = 0 is a plane of material symmetry, we deduce the correspondencē
and then upon a coordinate transformation (taking due account of the alternating symbol which appears in G p mj ) we find
Similarly, we obtain
The properties (64) and (67)- (69) play an important role in reducing the computational effort involved in evaluating the kernels {U
Cracks in a finite domain
Consider a finite body which contains an embedded or surface breaking crack as shown schematically in Figure 4 . The boundary of the domain which the body occupies consists of an 'ordinary' boundary S o and the crack surface S
. Consistent with the previous development for an isolated crack, attention is restricted to cases in which body force is absent and for which the traction loading on the crack is such that t Now, Somigliana's identity gives the displacement u p at a location x within the domain as
has been introduced for convenience. From the expression for the displacement, we readily obtain an integral relation for the stress at points within the domain as
We seek a regularization of these integral expressions and, specifically, we seek a pair of weakly-singular, weak-form displacement and traction integral equations which form the basis of a symmetric Galerkin boundary element method analogous to that developed for isotropy by Li et al. [17] . We note that if the boundary value problem under consideration is one in which tractions are prescribed on the entire surface, then a weak-form traction integral equation suffices to obtain a symmetric formulation. However, when displacements are prescribed on a portion of the ordinary boundary a symmetric formulation can only be achieved by employing both a weak-form traction integral equation and a weak-form displacement integral equation. Consider first the displacement given by (70). Since the displacement fundamental solution is weakly-singular, only the term involving the stress fundamental solution requires regularization. Such a regularization is readily achieved by employing the decomposition (4) and then integrating by parts over the entire surface via Stokes' theorem. After carrying out this process, the limit as x tends to a point on the ordinary boundary can be easily formed, and with y ∈ S o being any such point we find
We remark that a limit in which x tends to a point on the crack surface can also be treated (see (11) for the case of an isolated crack) but, owing to the fact that the crack is subjected only to prescribed tractions, such an expression is not required for establishing a symmetric formulation. Upon multiplying (73) by a test functiont p and integrating the result over the ordinary surface S o , we obtain a weakly-singular, weak-form displacement integral as
Consider next the stress given by (72). To regularize this integral relation, we utilize the decomposition (4) for the Cauchy-type singular kernel S j lk and the decomposition (14) for the strongly-singular kernel Σ lk ij , and then we carry out an integration by parts vis Stokes' theorem. The resulting singularity-reduced stress relation is then used to form a traction integral equation for points y ∈ S o ∪ S c via a limiting process similar to that employed in the context of an isolated crack. The final form of traction integral equation is given by
where c = 1/2 for y ∈ S o whereas c = 1 for y ∈ S c . Finally, a weak-form traction integral equation is obtained from (75) as
in whichũ k and ∆ũ k are test functions associated with S o and S c , respectively. The weaklysingular, weak-form displacement integral equation (74) and the weakly-singular, weak-form traction integral equation (76) represent a generalization (to anisotropic media) of the work by Li and Mear [16] for isotropic media.
Conclusion
A systematic procedure has been followed to obtain singularity-reduced integral relations for displacement discontinuities in anisotropic, linearly elastic media. An arbitrary isolated discontinuity is treated first, and the results are then specialized to dislocations and cracks. For the case of dislocations, the line integral representations obtained for displacement and interaction energy are in terms of weakly-singular kernels that are simpler in form than those previously available. The key result obtained for cracks is a weakly-singular, weakform traction integral equation which is in terms of a simple kernel well-suited for numerical treatment.
The primary focus of this work has been the development of weakly-singular, weak-form integral equations for cracks is finite domains, and the development of these integral equations rests upon the results for an isolated discontinuity. Here, both a displacement and traction integral equation have been obtained, and these can be combined to arrive at a symmetric formulation analogous to that established for isotropic media by Li and Mear [16] . This symmetric formulation constitutes a basis for the development of a symmetric Galerkin boundary element method suitable to treat general boundary value problems for cracks in anisotropic, linearly elastic media. Since the integral equations are only weaklysingular, standard C o elements can be employed in a numerical discretization (as opposed to C 1 elements which are required for Cauchy-singular and strongly-singular formulations). Li et al [17] . carried out a complete numerical implementation for isotropic media, and they found that highly accurate stress intensity factors can be obtained for complex, mixed-mode problems. It is expected that a generalization of their technique, by means of the integral equations developed here, will lead to a computational procedure well-suited for analysis of cracks in generally anisotropic media.
where the reciprocity-relation U j i = U i j has been employed in addition to (78). We note that the observations Σ lk ij,i = 0 for ξ = x and Σ lk ij,l = 0 for ξ = x have been utilized in various earlier investigations (e.g. Becache et al. [2] and Bonnet [5] ).
B Radon transform
Here we provide only a brief summary of certain properties of the Radon transform which are pertinent to our development. See Bacon et al. [1] for a more in depth summary, and see [8, 10, 13] for an extensive development of this integral transform.
The Radon transform involves two independent transform parameters: a unit vector z and a scalar α with −∞ < α < ∞. For a given z and α, the relation z · ξ = α defines a plane in Euclidian space R
3
, and the Radon transform of a (scalar, vector or tensor valued) function f = f (ξ) is defined in terms of an integral over such planes aŝ
The function f (ξ) is then given in terms of its Radon transformf (z, α) by the inversion formula
in which the integral is to be carried out over the surface of the unit sphere ||z|| = 1. Certain useful properties and results concerning the Radon transform are summarized below.
(1) The Radon transform of a derivative of a function satisfies
(2) The Radon transform of the Dirac-delta function δ(ξ − x) is given by
(3) Recall that
is given by c mt = η m z t + κ t z m in which η m and κ t are arbitrary. It is then easily verified that, by making appropriate choices for η m and κ t , a set of five linearly independent elements c (i) mt (with i = {1, 2, 3, 4, 5}) can be generated to form a basis for the null space. Indeed, the particular choices c to exist is that the term on the right hand side of (34) be orthogonal to all elements in the null space of the (self-adjoint) linear operator ims ltr z s z r , and that this holds can be demonstrated as follows: 
